An existing rheological model of skeletal muscle (Forcinito et al., 1998) was modified with a nonlinear Maxwell fluid element to provide a phenomenological model capable of analyzing the strain-stiffening behavior typically found in passive, and occasionally observed in active, skeletal muscle. This new model describes both active and passive muscular behavior as a combination of the behavior of each model component, without requiring prior knowledge of the force-length or force-velocity characteristics of the muscle.
Introduction
Phenomenological models consisting of linear springs and dashpots have been used to model both solid and fluid viscoelastic materials. Various arrangements of viscous and elastic elements have been combined to approximate a wide range of linear viscoelastic material responses (Flügge, 1967; Lockett, 1972) . These models, however, are unable to accurately reproduce the observed nonlinear behavior of tissues such as skeletal muscle (Forcinito, Epstein, & Herzog, 1998; Lockett, 1972) . In particular, one of the main limitations of discrete parameter formulations is their inability to demonstrate the strain-stiffening response observed in the low load region of most biological tissues, including skeletal muscle (Best, McElhaney, Garrett, & Myers, 1994) . Forcinito et al. (1998) recently developed a rheological model to analyze activated skeletal muscle behavior, in particular the memory-dependent phenomena of force enhancement (depression) following activated stretch (shortening). Their model accurately predicted force enhancement and depression, and showed excellent agreement with data from quick changes in length or force, and constant rate shortening or stretching experiments. However, the model was unable to simulate passive (unstimulated) skeletal muscle due to its inherent linearity.
Passive skeletal muscle, as well as certain species of active muscle, displays a strain-stiffening, or toe-in, mechanical response to lengthening. This behavior is typically modeled using Hill-type phenomenological models (e.g., Cole, van den Bogert, Herzog, & Gerritsen, 1996; Fung, 1970; Hill, 1938) , which approximate the toe-in region well but fail to predict memory-dependent behavior. The nonlinearity of Hill-type models is accommodated by the force-length (F-L) and force-velocity (F-v) relationships of the tissue, built into the contractile element. Thus, the resulting nonlinearity is developed ab initio rather than as a consequence of the combined behavior of the components .
Herein, we have incorporated a nonlinear Maxwell fluid element into the Forcinito et al. (1998) model to produce a rheological model capable of describing the complex nonlinear response of skeletal muscle, including both force enhancement and depression, through the combined behavior of constant-parameter model components. Moreover, this new model is applicable to both active and passive skeletal muscle.
Methods
A nonlinear rheological model was developed to describe the behavior of both active and passive skeletal muscle. The nonlinearity of the model is introduced through a unique nonlinear Maxwell fluid element (Corr, Starr, Vanderby, & Best, 2001) . The parallel arrangement of a linear spring (k 1 ) and a second-order spring (k 2 ), in series with a linear dashpot (c) (Figure 1 ), allows this element to reproduce stiffening, linear, and softening responses using constant modeling coefficients . When combined in parallel with a contractile element ( Figure  2a ) and a length-dependent linear spring, or "elastic rack" (Figure 2b ), of an existing rheological model (Forcinito et al., 1998) , the resulting configuration is able to describe both stimulated and passive skeletal muscle behavior (Figure 2c ). The contractile element is responsible for the muscle's generated force, f, which depends on the initial length of the muscle at the time of stimulation, Lo, in accordance with the force-length relationship of skeletal muscle.
Under passive conditions the contractile element is free to displace without resistance. The elastic rack element of Forcinito et al. (1998) is disengaged (ineffective) when passive; however, the relay engages upon muscle stimulation. The engaged rack acts as a length-dependent, parallel-elastic spring. When a linearly elastic material is assumed for the rack, this spring has an effective stiffness EA/ L o , which decreases with increasing muscle initial stimulation length, L o . This stimulation-length dependence for the parallel elastic element is consistent with crossbridge theory, at least for sarcomere lengths greater or equal to optimal, i.e., on the descending limb of the force-length relationship (Forcinito et al., 1998) . The parallel addition of the contractile force [f(t)], and the passive muscle force [F(t) = cx], together with the elastic rack contributions, yields the general active active muscle force equation,
where x, L, and f can all be functions of time, H(t) is a Heaviside step function, and
tissue stimulation begins at t = t on and ends when t = t off . The governing length equation is
where x and δ represent the displacement from resting length of the springs and dashpot, respectively. To compare the model with experimental data, we conducted elongation/ relaxation tests in both active and passive rabbit tissue. Following approval from the institutional review board for animal welfare, the tibialis anterior (TA) muscletendon unit of anesthetized male New Zealand White rabbits was surgically exposed and the distal end of the tendon was freed from its bony insertion. With the knee rigidly fixed in a mounting jig, the tendon was gripped at the distal end, and the muscle's initial gauge length (load = 0.5 N) was established (Best et al., 1994) . With the use of a servohydraulic load frame (Corr, 2001) , the tissue was preconditioned (Best et al., 1994 ) and subjected to a uniaxial elongation of 2.0 cm at a constant rate of 5 cm/s, then held at 2.0 cm for 0.625 sec. In active tissue experiments, the ramp-and-hold was conducted once the tissue achieved tetany via direct stimulation of the peroneal nerve (Best, McCabe, Corr, & Vanderby, 1998) (Figure 3 ). Tests were repeated with passive, unstimulated muscle. 
Results
Our modification of the Forcinito et al. (1998) model maintains a simple contractile element and constant-valued components. The resulting muscle force equation, Equation 1, is valid for a variety of applications, provided that the physical constraints of the model are observed: namely that spring and dashpot displacements obey continuity, compatibility, and equilibrium. The model is able to accommodate many time-based loading conditions and contractile functions. However, only numerical solutions are available for the general case, as no generalized solution has been observed at present . A closed-form solution has been determined for the nonlinear Maxwell fluid element when subjected to a constant rate elongation, α . Briefly, by noting the change in tissue length as ∆L=αt = x + δ, solving for δ, and imposing equilibrium granted
a nonlinear, first-order differential equation of the Riccati form. Using a general solution form of x = At + B + u(t), and matching orders of t yielded a particular solution, x p = αt + B. The complementary solution, u(t), was determined using the reduction of order by substituting the general solution into Equation (2). The resulting Bernoulli equation was separated, expanded with partial fractions, and solved to obtain u(t). Written in terms of dashpot displacement, x, the unique general solution Hu, 2003) is .
x(t)
where,
and the last term in Equation 3 is the complementary solution. The time derivative yields
as previously discussed in a more detailed derivation . Thus, for constant rate elongation, α, Equation 1a becomes:
where x is given by Equation 4, providing a unique, exact solution to the governing nonlinear differential equation. This solution is also valid for constant rate shortening, in which the shortening rate, α, would be negative-valued. A closed-form solution has also been determined for the nonlinear Maxwell fluid element held at constant length. With element length kept constant, [L(t) = 0], and thus,
which, when substituted into Equation 2 and simplified, yields
a nonlinear first-order differential equation with constant coefficients. Thus, letting a = -k 1 /c and b = -k 2 /c, Equation 7 separates to
When expanded with partial fractions, simplified and integrated, Equation 8 gives the spring displacement equation for constant whole tissue lengths,
where Z denotes the arbitrary integration constant. Substituting this into Equation 6 gives,
which, when used in Equation 1a
, gives the force for whole tissue held at a constant length. For large values of isometric holding time, Equation 1a gives the steady-state force
where the increase in force is proportional to the total length change, ∆L (Forcinito et al., 1998) . Results from the model were compared with data from the elongation/relaxation experiments, in both active and passive rabbit tissue. In active tissue, EA/L o was determined using Equation 11, where f(L o ), ∆L, and F ∞ correspond to the initial tetanic force, total length change, and asymptotic force during hold, respectively, with each identified in the experimental data. The remaining parameters, (k 1 , k 2 , c), were obtained using a piecewise-continuous, nonlinear least-squares curve fit of the data to the closed-form nonlinear solution, implemented in MATLAB (version 6.1, MathWorks, Inc.) mathematics software. All fits were required to be convergent and unique. Initial estimates of each parameter were systematically varied over three orders of magnitude, and produced the same final values, indicating global rather than local error minima in the parameter estimates. The process was repeated using the linear model of Forcinito et al. (1998) by setting k 2 = 0. The nonlinear model showed a greatly improved fit with the data when compared with the linear model, for the elongation and relaxation phases, in both passive and active tissues (Figure 3) .
Discussion
This modification of the Forcinito et al. (1998) model, through the inclusion of a constant-value nonlinearly-elastic spring, grants strain-stiffening capability without compromising the model's range of applicability. The original model (Forcinito et al., 1998) was able to account for active muscle behavior under a variety of imposed loadings: quick change in force, quick change in length, quick force release, as well as constant speed stretching and shortening followed by relaxation. Our model extends this applicability to include passive and strain-stiffening active tissue. With k 2 = 0 (removal of second-order spring), our model reduces to that of Forcinito et al. and thus easily reproduces their prior results.
The nonlinearity in our model is not a property of the contractile element, but rather a result of the combined behavior of the mechanical constructs. As a result, the contractile element acts solely as a force generator and can simply be expressed as a function of activation. During active experiments, the muscle was maximally stimulated prior to stretch and was maintained at tetanic stimulation throughout. Therefore, the force generated by the contractile element was constant during the entire 1.0-sec ramp-and-hold test.
Muscular activation and contraction, while not expressly defined in our model, have been the focus of many studies in functional electrical stimulation, producing a number of alternatives to Hill-type modeling. These models can predict forces for a wide variety of stimulation patterns (frequencies, durations, and pulses), yet most are restricted to isometric tissue conditions (Ding, Binder-Macleod, & Wexler 1998; Ding, Wexler, & Binder-Macleod, 2000a , 2000b Hannaford, 1990 ; EA L o Wexler, Ding, & Binder-Macleod, 1997) . Perumal et al. (Perumal, Wexler, Ding, & Binder-Macleod, 2002 ) determined the length dependence of one such contraction model (Ding et al., 2000a (Ding et al., , 2000b , leading to the prediction of isometric forces over a wide range of joint angles-an important first-step in the development of nonisometric models.
By introducing nonlinear strain-stiffening capabilities, we have extended the applicability of a prior rheological model (Forcinito et al., 1998) to include both active and passive skeletal muscle. We believe this to be the first constantparameter model to successfully accommodate both active and passive tissue behavior. The nature of the model's parameters makes for an improved physical interpretation of the mechanical behavior, viewing the response in terms of equivalent stiffness, tissue damping, and stimulation-induced stiffness. Our model predicts memory-dependent phenomena, and tissue mechanical response to a number of uniaxial loading conditions, as a combination of behaviors of the model components. It offers an alternative to Hill-type models without requiring any a priori knowledge of tissue behavior for application.
